The passive fathometer algorithm was applied to data from two drifting array experiments in the Mediterranean, Boundary 2003 and 2004 . The passive fathometer response was computed with correlation times from 0.34 to 90 s and, for correlation times less than a few seconds, the observed signal-to-noise ratio (SNR) agrees with a 1D model of SNR of the passive fathometer response in an ideal waveguide. In the 2004 experiment, the fathometer response showed the array depth varied periodically with an amplitude of 1 m and a period of 7 s consistent with wave driven motion of the array. This introduced a destructive interference, which prevents the SNR growing with increasing correlation time. A peak-tracking algorithm applied to the fathometer response of experimental data was used to remove this motion allowing the coherent passive fathometer response to be averaged over several minutes without destructive interference. Multirate adaptive beamforming, using 90 s correlation time to form adaptive steer vectors which were applied to 0.34 s data snapshots, increases the SNR of the passive fathometer response.
I. INTRODUCTION
The passive fathometer, which extracts the seabed impulse response from cross-correlation of ambient noise data from a drifting vertical array, has been the subject of much discussion in recent years. Theoretical models have been presented, [1] [2] [3] [4] [5] [6] [7] and the seabed impulse response has been extracted from experimental data. [1] [2] [3] 8, 9 The technique relies on surface generated noise from wind and waves. 10, 11 Shipping noise disrupts the technique but this interference can be minimized with use of adaptive beamforming techniques. 7, 9 Most passive fathometer work to date has focused on measuring the depth of reflecting layers. Inference of the seabed reflection coefficient from ambient noise processing would greatly improve the scope of geo-acoustic inversion with the passive fathometer as properties of the seabed are inter-related, 12 and inference of the reflection coefficient would yield the seabed density, porosity, wave-speed, and attenuation for compression and shear waves. Interpretation of the peak heights of the passive fathometer response requires an understanding of the factors that affect the peak height. Two factors are considered here: the correlation time and processing bandwidth.
Prior theories of the passive fathometer have assumed infinite correlation time [1] [2] [3] [4] [5] [6] [7] and prior experimental work has used 10 s of seconds to minutes of data for an individual snapshot of the seabed. 8, 9 Other applications of ambient noise correlation in the ocean have used 10 s of minutes to a day 13, 14 of data. However, the ocean is a dynamic environment and both the sound field and environment may vary on the scale of seconds. In the presence of tropical storm generated noise, which is high amplitude and ideal for ambient noise processing, correlation peaks have been obtained with as little as 20 s. 15 Work with active sources suggests that increased temporal resolution can be obtained by processing a large bandwidth. 16 Green's function extraction from ambient noise crosscorrelation, the basic technique that underlies the passive fathometer, has an extensive published literature, well summarized in Ref. 17 , and has been utilized in helioseismology, 18 ultrasonics, 19 seismics [20] [21] [22] and ocean acoustics. 13, 14 Theoretical models of the amplitude of correlation peaks as a function of correlation time have been presented, 23, 24 but the results are very general and not readily applicable to the passive fathometer.
The goal of this work is two-fold. (1) To present a simple and idealized model of correlation peak SNR in a model tailored to the passive fathometer. The variation of SNR with correlation time and processing bandwidth are considered theoretically for a 1D environment. (2) To show, with experimental data from the Boundary 2003 and 2004 experiments, 25 that seabed profiling with the passive fathometer can be performed with less than a second of data. Not only are such short correlation times possible, but with large surface waves, they are necessary to extract the seabed impulse response as destructive interference is introduced by wavedriven motion of the array. Using multi-rate beamforming, 26 long time averages are used to compute Minimum Variance Distortionless Response (MVDR) steering vectors, which are applied to short time Cross-Spectral Density Matrix (CSDM) snapshots, allowing MVDR processing to be conducted with high temporal resolution.
II. THEORY
Consider a sensor pair with sensor 2 placed d vertically above sensor 1 which is placed n/2 above the seabed with vertical reflection coefficient r 0 . The noise field incident upon the sensor pair S(t) is assumed delta correlated in time similar to prior models. 27, 28 Assume the sensors have sampling frequency f s and the data is pass-band filtered with a bandwidth of B.
In 1D the cross-correlation of the signal at the two sensors gives a peak at the inter-element travel time d/c (Appendix A)
where r 2 0 is the variance of the signal S(t) and D(s) is the Dirac measure, which is a peak at s ¼ 0 with a height of 1 and a width of 1/f s . A peak at s ¼ d/c with amplitude r 2 0 has been neglected. The location of the peak at (n þ d)/c gives the depth of the seabed reflecting layer.
A. Fathometer processing
The passive fathometer employs a vertical array of m sensors, which are assumed here to be equispaced by d. The correlation of each pairing of sensors C jk (s) is of the form of
where n k is the distance from the kth sensor to the seabed. Summing all pairs with time delays such that the seabed reflection peak is at s ¼ n 0 , the fathometer response for positive times (s > 0) is
In the frequency domain, a time-delay of D jk is implemented by multiplying the correlation C jk (x) by an exponential term e i xD jk such that the frequency domain fathometer output can be obtained by applying steering vectors w to the crossspectral density matrix 3, 6, 7 
where the steering vector for downward propagating noise is given by
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B. Signal-to-noise ratio
Variance of noise correlation
The noise cross-correlation [Eq. (1)] is normalized such that the reflection peak height does not depend on correlation time T. However, the variance of the correlation, which may obscure this peak, is dependent on correlation time. 23, 24 The correlation variance is [Eq. (A10)]
The SNR for the seabed reflection is given by dividing the reflection peak amplitude by the standard deviation
Using plane wave beamforming and m sensors gives m(m -1) sensor-pair cross-correlations C jk (s) and m autocorrelations C jj (s), which yields m 2 correlations. Summing over these pairings increases the peak height by m 2 and the variance by m yielding
C. Multi-rate adaptive processing
If the noise field contains discontinuities, due to the presence of discrete sources, such as ships, or the seabed critical angle, spurious peaks are introduced in the passive fathometer response. 7, 9 Minimum-Variance Distortionless Response (MVDR) processing may be more effective at attenuating these spurious contributions than conventional beamforming. 3, 7, 9 However, it is susceptible to small errors in the estimation of the noise field. The accuracy of the CSDM estimate can be improved by averaging L independent snapshots of the CSDM Rj (L > m to ensure the CSDM is full-rank), such that
This increases the time necessary to produce an estimate of the seabed response. If the array or noise field is nonstationary, less correlation time is desirable. Multi-rate beamforming uses different time averages to produce the MVDR steer vectors and the data CSDM. It was introduced to track a stable signal in the presence of dynamic interferers. 26 In the case of the passive fathometer, if the array is moving with surface waves, the signal oscillates on the scale of seconds, while interfering noise from distant ships likely remains stable over several minutes or more.
At each frequency bin, the data snapshot obtained using a correlation time of T is used to form a rank-1 estimate of the CSDM R j . A set of L CSDM-snapshots, adjacent in time, is averaged to yield a full-rank matrix Q n which is used to compute the MVDR steering vectors steered towards downward and upward propagating noisẽ
The passive fathometer algorithm [Eq. (3)] can then be implemented by applying the adaptive steer vectors to the nth CSDM snapshot
Assuming the interfering noise which the MVDR minimizes is constant over LT, the steering vectors [Eq. (9)] minimize this, while the signal of interest need only be constant over a time T. Use of Q n for both computation of the steer vectors and as the data CSDM yields the usual MVDR fathometer response [3] [4] [5] 7, 9 show the 2004 data set contains more horizontal interfering noise. However, horizontal interfering noise present at 5.5 h and 11-12 h has a small effect on the passive fathometer response, suggesting the beamforming effectively attenuates these contributions.
The beamform response [Figs. 1(g) and 1(h)] over the whole period shows more energy coming from above the array, consistent with surface generated noise. 10, 11 At times, strong signals are incident on the array from horizontal angles, consistent with distant sources from both shipping and the ocean surface propagating at angles shallower than the critical angle with negligible loss.
Wind measurements made before and during both drift experiments show the wind at the site did not exceed 10 m/s throughout and for 15 Fig. 2(a) ] the noise field contained two sharp peaks at 90 6 15 possibly due to critical angle reflections. These contributions produce two symmetrical peaks in the 2-element noise cross correlations [ Fig. 2(d) ]. Assuming the array is 50 m above the ocean bed, the 3 dB beamwidth for the noise correlation is 5
. Fig. 2(f) ]. Although the 2-element noise cross-correlations are dominated by the zero offset peak, the up and down-going waves are still present and, with array gain from multiple elements, the seabed reflection may still be extracted.
B. Reflection peak signal-to-noise ratio
The fathometer responses from the 170 s regions shown in Fig. 2 were coherently averaged over 2 [ Figs. 3(a), 3(c) , and 3(e)] and 10 s [Figs. 3(b), 3(d), and 3(f) ]. For each snapshot the SNR was estimated from the maximum peak height within a 4 m window around the seabed reflection and the standard deviation of the noise outside this window. These values were averaged over all the snapshots to give the estimated SNR of each region.
The response from region I [Figs. 3(a) and 3(b)] shows that the seabed reflection peak appears at different depths at different times and is sometimes obscured by noise. This may be due to temporal changes in the noise field, changing characteristics of the seabed as the array drifts, or motion of the array. At 2 s correlation time [ Fig. 3(a) ], the seabed reflection peaks appear sporadically in time and are difficult to distinguish from spurious peaks.
The response from region II with 2 s correlation time [ Fig. 3(c) ] shows a higher SNR than region I, and the correlation peaks from 2 reflecting layers oscillate around 124-126 m depth. The oscillations are 1 m in amplitude and occur with a 7 s period, consistent with surface-wave driven motion of the array, which is tethered to a surface buoy.
Using 10 s correlation time [ Fig. 3(d) ] on the data from region II destroys the evidence of the short period array motion and does not increase the SNR of the seabed reflection peak as the motion of this reflection peak causes destructive interference.
The reflection peak from region III is obtained only an hour after region II. However, the background noise is much larger [Figs. 3(e) and 3(f)] likely due to interfering noise [Figs. 2(c) and 2(f)].
MVDR processing
The processing from Sec. III B was repeated with MVDR steering vectors (Fig. 4) . The MVDR results are similar to the conventional, but the SNR for all three regions is larger with 10 s correlation time, consistent with the larger attenuation of horizontal interference provided by MVDR processing.
The reflection peak depths in region I remain almost constant [ Fig. 4(b) ], whereas in regions II and III the peak depth changes. This suggests that when 90 s averaging is used, as in Figs. 1(a)-1(d) and in Ref. 9 , the data from region I would be expected to give good results, whereas the reflection peaks from regions II and III would be expected to attenuate due to destructive interference.
Using multi-scale MVDR processing, steering vectors were formed with averaging times of 2 and 10 s (10 and 57 snapshots) and applied to 0.34 s data snapshots (Sec. II C) from data from region II (Fig. 5) The standard MVDR algorithm shows that averaging larger times obscures the fast motion of the array and produces only a single flat trace when 10 s averaging time is used [ Fig. 5(b) ]. The results obtained with multi-rate MVDR processing, with steer vectors obtained from 2 and 10 s averaging applied to 0.34 s snapshots [Figs. 5(c) and 5(d)], give a continuous reflection peak that oscillates consistent with surface wave driven motion. Increasing the averaging time has little effect on the reflection trace although the SNR increases.
C. Coherent averaging
The reflection peak in Fig. 3(c) oscillates with a 1 m amplitude and a 7 s period. This is consistent with motion induced by short period surface waves, which as the array is connected to a surface buoy, might induce a vertically oscillating motion of the array. A peak finder tracked the peak of the envelope of the fathometer response to estimate the motion of the array (Fig.  6) , and this was used to align each snapshot of the fathometer response. The peak tracker was used to align reflection peaks over 11 s sections which were averaged. In this experiment the array drifted 6 km over a 7 h acquisition (0.24 m/s drift velocity) and the seabed variability over this region is likely to be negligible over 11 s of drift. However, in conditions of high drift velocities and high spatial variability in the seabed terrain, this technique would artificially smooth the fathometer response. In such conditions the array would require an accelerometer to track the array motion directly to allow coherent averaging.
Two closely spaced reflecting layers, which are present in the fathometer response [ Fig. 6(a) ], appear in the incoherent average [ Fig. 6(g) ]. The coherent average [ Fig. 6(h) ] does not show the peaks as the motion introduces destructive interference in the averaging process. Realignment removes this interference and allows the two reflection peaks to be obtained with higher resolution than incoherent averaging [ Fig. 6(i) ]. The alignment allows the seabed reflection peaks to be summed coherently and retain the phase, such that the fathometer response waveform can be computed [ Fig. 6(l) ].
D. Emergence time
To estimate the emergence time, the SNR of the reflection peak for the three data regions was computed as a function of correlation time with and without alignment of the peak (Fig. 7) . The 170 s of data from each region was divided into blocks and each block was averaged in time. The SNR was computed for each block by dividing the maximum peak within6 2 m of the seabed reflection by the standard deviation of the response outside 6 2 of the reflection peak.
Varying the averaging time from 0.3 to 40 s, the SNR from region I obtained with conventional beamforming and no alignment increases slowly but monotonically from 2 to 3.5. The MVDR SNR increases from 2-8. The aligned fathometer SNR increases faster than the other traces reaching 6 with an averaging time of 4 s and remains constant as the averaging time is increased. None of the outputs perform as well as predicted by the 1D theory, which does not account for spherical spreading or horizontal interference. Also the 1D theory is derived assuming an ideal waveguide environment and does not account for fluctuations in the noise field or motion of the array. However, the SNR increases monotonically for all the fathometer responses. This data set showed good results when processed with 90 s correlation time. 9 The SNR from region II obtained with plane-wave beamforming increases quickly, reaching an SNR of 4 in 1 s of averaging time. However, as the averaging time is increased beyond 1 s, the SNR attenuates slightly. This is consistent with destructive interference introduced by averaging a moving peak. The SNR only grows as long as the averaging time is significantly smaller than the surface wave period. The MVDR passive fathometer similarly reaches a peak of 6 with 30 s averaging time and then attenuates as more averaging time is included. The SNR of the aligned fathometer response performs similarly as in region I, reaching an SNR of 8 with 5 s averaging time and remaining constant as more time is included.
The SNR in region III is similar to that in region II with the unaligned SNR never increasing above 4 and the aligned SNR reaching 8 with 5 s averaging time and remaining constant as averaging time is increased.
Sub-bottom structure
Multirate MVDR beamforming was used with steer vectors formed from 90 s of data and applied to rank-1 CSDM estimates formed from 0.34 s snapshots. The alignment algorithm was applied and the output averaged over 11 s blocks. This was repeated for the entire 2004 drift experiment [ Fig.  8(b) ] and the final result was smoothed with a median filter over 90 s blocks. Sections in which the amplitude of the recorded data was anomalously high were removed prior to processing.
The fathometer response obtained with multirate MVDR beamforming and alignment [Fig. 8] shows the primary reflecting layer more clearly than the MVDR passive fathometer algorithm [ Fig. 1(d) ] and a sub-bottom reflector is visible which was obscured with the basic MVDR processing.
IV. CONCLUSION
In a stationary environment the seabed reflection peak obtained from the passive fathometer improves with longer correlation time. In practice, the oceanic environment is non-stationary and too long a correlation time introduces destructive interference, which attenuates the seabed reflection peak.
In cases where the drifting array is driven by wave motion, this may limit the performance of the passive fathometer algorithm and prevent extraction of seabed reflections. In the cases where the growth of SNR is rapid enough that the seabed reflection can be obtained with a second or less of correlation time a peak-tracking algorithm may be utilized to increase the reflection peak SNR and allow sub-bottom profiling. However, as the growth of the reflection peak SNR increases with the presence of non-vertical interfering noise, this reliance on short correlation times limits the efficacy of this algorithm to periods of low interfering noise.
MVDR processing reduces the effect of interfering noise and can dramatically improve the response of the passive fathometer. This technique requires the data CSDM to be inverted which requires averaging over multiple snapshots to achieve a full-rank matrix. This increases the necessary correlation time. If the interfering noise is stationary for a longer time than the surface wave period, multi-rate MVDR beamforming can be used with the MVDR steering vectors computed with CSDMs averaged over several periods of oscillation and applied to short time CSDM snapshots. This stabilizes the CSDM used to obtain the steering vectors which can be applied to rank-1 approximations of the CSDM Consider two sensors, separated by d and separated from a reflecting layer by n/2. A signal S(t), delta-correlated in time, is incident along the axis joining the two sensors. The recorded signals are
where the lower sensor x 1 is at the origin. The signal is assumed to be passband filtered with a bandwidth B such that the observed signal is convolved with 2Bsinc(2pBt). Assuming the signals are sampled at frequency f s the cross-correlation of these signals over correlation time T gives
where the r 2 0 term has been neglected, the signal variance for a single data point is
and D(s -t) is the Dirac measure 
where the 4th order statistical moment has been decomposed into the sum of thee 2nd order moments. 24 Evaluating the first term 24 yields C s ð Þ h i 2 such that
The second term gives
and the final term
Tf s ð Þ 
